Abstract-We develop and present a generalization of the GN-model -the generalized Gaussian noise (GGN) model -to enabling a fair application of GN-model to predict generation of nonlinear interference when loss parameters relevantly vary with frequency and/or distributed amplification applies selectively to portions of the exploited spectrum and/or stimulated-Ramanscattering-induced crosstalk is relevant.
II. PROBLEM DEFINITION
GGN-model derivation follows the method already exploited in deriving the GN-model detailed described in [1] , so assuming to analyze the propagation of Gaussian distributed spectral components. Then, in addition to [1] hypotheses, we suppose frequency/space variation of power profile in fiber spans. As in [1] , we develop the model exploiting the single-polarization wave equation in fibers -the non-linear Schrödinger equation (NLSE) -then, we generalize the results including polarization relying on the Manakov equation (ME), i.e., on the dual-polarization NLSE with random birefringence -and consequent PMD effect -averaged out. It has been shown that the ME can be reliably used far beyond its validity bandwidth in case of propagation of Gaussian distributed and depolarized signals [6] , and polarization division multiplexed signals based on multivelel modulation formats [8] . This will be the validity scenario for GGN-model.
The non-linear Schrödinger equation (NLSE), in the frequency domain, has the following form:
where z is the propagation direction, E(z, f ) is the Fourier transform of the propagating modal amplitude, ∂ z is the partial derivative of E(z, f ) with respect to z, β(f ) is the dispersion coefficient, g(z, f ) is the profile of amplitude evolution of modal amplitude that may vary with respect to both z and f , Q NLI (z, f ) is the non-linear term determined by the Kerr effect that is given by:
where " * " is the convolution operator. according to the theory of differential equation, the formal solution of Eq. (1), i.e., of the evolution of the Fourier transform of the modal amplitude vs. z, has the following form:
where Γ(z, f ) is given by:
We can subdivide E(z, f ) solution of Eq. (3) as the sum of two components: E LIN (z, f ) considering linear propagation effects only (g(z, f ) − jβ(f )), and E NLI (z, f ) considering the impairment of Kerr effect and its interaction with linear propagation. Therefore,
where the linear component E LIN (z, f ) is:
and the non-linear component E N LI (z, f ) is:
In general, the formal solution of Eq. (3) for the modal amplitude evolution is useful to observe the two contributes -linear and nonlinear -to propagation impairments, but cannot be practically exploited, because the unknown function E(z, f ) is also in the right side term of Eq. (3) being the cause of Q NLI (z, f ) as clearly displayed by Eq. (2).
III. PERTURBATIVE APPROACH ON THE NON-LINEAR
IMPAIRMENT In SiO 2 fibers, strength of Kerr effect is much less intense of impairments of linear propagation, mainly given by chromatic dispersion. So, we are legitimate to exploit a perturbative approach for which E NLI (z, f ) is indeed a perturbation of E LIN (z, f ). Consequently, we may assume that the non-linear term defined in Eq. (2) is induced only by the linear component E LIN (z, f ) of the modal amplitude E(z, f ). Such an approximation yields to not considering the secondorder effects, i.e., the nonlinear effects induced by E NLI (z, f ). So, practically, the perturbative approach implies to use the following form for Q NLI (z, f ) in place of the exact one of Eq. (2):
As the convolution operator is defined as:
we can expand Eq. (8 in the following form:
where A(z, f ) is:
Then, inserting Eq. (4) in Eq. (7) we get the following expression for the perturbation E NLI (z, f ):
where I(z, f ) is:
Substituting in Eq. (15) the expression of I(z, f ) we obtain the following expression for the nonlinear perturbation introduced by the Kerr effect:
Note that Eq. (17) relies on the only approximation of Kerr effect being a perturbation of linear propagation and does include frequency/space variations of loss and gain as g(ζ, f ) in addition to frequency variations of the propagation constant β(f ).
IV. NLI POWER SPECTRAL DENSITY
In this section, we rely on the same signal form -depolarized and Gaussian signals -and follow the same procedure of [1] to derive the power spectral density G NLI (z, f ) of E NLI (z, f ), that is assumed to be a Gaussian random process.
Specifically, using Eq. 16 of [1] , one can write the NLI field as
where f 0 is a divider of the symbol rate, ξ is a complex Gaussian random variable and δ(f ) is the Dirac delta function. A i represents the set of all triples (m,n,k) such that m− n+ k = i and m = n or k = n. This set identifies all non degenerate fourwave mixing components, as detailed in [1] . Following the same averaging procedure of Sec. IV (D) of [1] , one obtains the following expression for the single polarization expression of the power spectral density of the NLI noise, i.e.
Similarly, considering a dual polarization signal, following the exact derivation of the previous section and the averaging procedure of Sec.IV (E) in [1] one can write the PSD of the NLI noise generated by dual-polarization signals as
Then, taking the limit of Eq. 20 for f 0 → 0, such expression can be written as:
To compact the expression, we introduce the following function ρ(z, f ) that considers the evolution of the modal amplitude vs. z for each spectral component f :
This expression may include the effect of frequency variation of loss coefficient, of SRS-induced crosstalk and of distributed amplifications applied to a limited portion of the exploited WDM spectrum. Exploiting the linearity of the integral operator and the properties of the exponential function, we can rewrite the Eq. (21) as:
Finally obtaining the following expression for the NLI PSD that is the also the final expression of the the generalized Gaussian noise model for NLI generated by a single fiber span.
where ∆ρ is given by
The use of Eq. (24) in multi-span links is straightforward as for the GN-model. and ∆β
that can be further expanded as
27) as detailled described in Eq. G.2 of [1] . Eq. 24 can be also expanded to be used with coherent accumulation with spans inserting the "phased-array" factor, or rely on the incoherent accumulation simply adding up independently NLI generated by each fiber span.
V. CONCLUSIONS AND FUTURE INVESTIGATIONS
We introduce the GGN-model in order to enable the estimate of NLI generation when loss/gain profiles vary with frequency. The GGN-model can be used in case of frequency variations of loss coefficients, frequency-varying distributed gain and SRS-induced crosstalk. The GGN-model derivation relies on a perturbative solution of the Manakov equation and holds also for bandwidths much larger of the ME validity bandwidth in case of depolarized Gaussian channels [6] , and for non Gaussian channels like shown in [8] .
